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Abstract 

The  paper  deals  with  the  analysis  of  RL  and  RC  circuits  by  using  linear  ordinary  differential  equation  of  first  

order.   Two  circuits  that  consist  of  a  single  closed  loop  containing  a  resistor(R)  and  either  a  capacitor(C)  or  an  

inductor(L)  connected  to  a  power  source  ( or  voltage  source )  is analyzed.  Applying Kirchhoff’s  laws  on  voltage  and  

current,  a  differential  equation  is  formed.  The  general  solution  of  the  differential  equation  has  two  parts  

complementary  function  (CF) and  particular  integral  (P.I)  in  which  (CF)   represents  transient  response  and  (P.I)  

represents  steady  response.  The  general  solution  of  the  differential  equation  represents  the  complete  response  of  the 

network.  

Keywords: Circuit  analysis,  classical  method,  RL  and  RC  circuits,  ordinary  differential  equation,  transient  response. 

INTRODUCTION  
A  differential  equation  is  an  equation  connecting  an  

independent  variable,  a  sought-for  function  and  its  

derivatives.  If  the  sought-for  function  is  a  function of  

one  independent  variable,  the  differential  equation  is  

called  ordinary(1-5).  When  the  sought-for  function  is  a  

function  of  two  or  more  independent  variables, the 

differential equation is  called  a partial  differential  

equation(6).  The interconnection  of  electrical  components  

or  a  model  of  such  an  interconnection,  consisting  of  

electrical  elements  is  called  electrical  circuit(1).  The  

circuit  is  switched  from  one  condition  to  another  by  

changein  the  applied  source  or  a  change  in  the  circuit  

elements.  There  is  a  transition  period  during  which  the  

branch  current  and  voltage  changes  from  their  former  

values  to new ones.  This period is called transient
 (7-9)

.  After  

the  transient  has  passed,  the  circuit  is  said  to  be in 

steady  state.  The  linear  differential  equation  that  

describes  the  circuit  will  have  two  parts  to  its  solution;  

the  complementary  function  corresponds  to  the  transient  

and  the  particular  solution  which corresponds  to  steady  

state. 

The  voltage-current  relation  for  an  inductor  or  capacitor  

is  a  differential(9-10).  A circuit  containing  an  inductance  L  

or  a  capacitor  C  and  resistor  R  with  current  and  voltage  

variable  given  by  a  differential  equation  are of  the  same  

form.  It  is a linear  first  order  differential  equation  with  

constant  coefficient  when  the value  of  R, L, C  and are 

constants.  L and C are storage elements.  Circuit  has  two  

storage  elements  like  one  L  and  one C  are  referred  to  

as  second  order  circuit.  Therefore,  the  series  or  parallel  

combination  of  R  and  L  or  C  are  first  order  circuit and  

RLC  in  series  or  parallel  are  second  order  circuit.  The  

circuit  changes  are assumed  to  occur  at  time  t=0  and  

represented   by  a  switch(11-12).  The  switch  may  be  closed 

(on)  or  open  (off)  at  t=0.  Once  the  switch  is  closed,  the  

current  in  the  circuit  is  not  constant.  Instead, it will build 

up from zero to some steady state. The  order  of  a  

differential  equation  represent  derivatives  involved  and  is  

equal  to  the  number  of  energy  storing  elements  and  

differential equations  considered  as  ordinary.  The  

differential  equation  that  is  formed  for  transient  analysis  

will  be  a  linear  ordinary  differential  equation  with  

constant  coefficient.  The  value  of  voltage  and  current  

during  the  transient  period  are  known  as  transient  

response.  The C.F of a differential equation represents the 

transient response.  The  value  of   voltage  and  current  

after  the  transient  has  died  out  are  known  as  steady  

state  response(13).  The  P.I  of  a  differential  equation  

represents  the  steady  state  response.  The  complete  or  

total  response  of  network  is  the  sum  of  the  transient  

response  and  steady  state  response  which  is  represented  

by  the  general  solution  of  the  differential  equation.  The  

value  of   the  voltage  and  current  that  result  from  initial  

conditions  when  input  function  is  zero  are  called  zero  

input  response(14).  The  value  of  voltage  and  current  for  
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the  input  function  which  is  applied  when  all  initial  

conditions  are  zero is  called  zero  state  response. 

 

Table 1: Elements symbol and units of measurements 

 

DATA AND METHODS 
This paper uses secondary sources and table where necessary.  

The  published  journal  and  books  related  to  differential  

equation,  circuit  and  system  mathematical  physics  and  

electrical  engineering  and  electricity  from  various  

publishers  are  the  secondary  sources  as  indicated  in  the  

reference  section. 

MATHEMATICAL CONCEPT OF DIFFERENTIAL 

EQUATIONS 

First Order homogeneous differential equation 

Consider the differential equation,                                                               

𝑑𝑦 (𝑡)

𝑑𝑡
 +   𝑚𝑦 𝑡 = 0   …........................................ (1) 

⇒ 
𝑑𝑦  (𝑡)

𝑦  (𝑡)
 =  −  𝑚 𝑑𝑡…………………...................  2   

Integrating,  in  y(t)  =  − 𝑚𝑡 + ln k  

∴  y(t) = 𝑘𝑒− 𝑚𝑡   …………………………………. 3 

First Order homogeneous differential equation 

𝑑𝑦 (𝑡)

𝑑𝑡
 +   𝑚𝑝 𝑡 = 𝑄 ……………………………. 4 

The equation  is  not  altered  by  multiplying  by  𝑒𝑚𝑡  

𝑒𝑚𝑡 𝑑𝑦  𝑡 

𝑑𝑡
 + 𝑒𝑚𝑡 𝑚𝑦 𝑡 =  𝑒𝑚𝑡 𝑄 ………………….. 5 

⇒ 𝑑 
 𝑒𝑚𝑡 𝑦(𝑡)  

𝑑𝑡
=  𝑒𝑚𝑡 𝑄𝑑𝑡 + 𝑘 ……………………. 6 

y(t)emt   
=   𝑒𝑚𝑡 𝑄𝑑𝑡 + 𝑘 ……………………..…… 7 

y(t) =   𝑒− 𝑚𝑡     𝑒𝑚𝑡 𝑄𝑑𝑡 + 𝑘  …………………………… 8 

The  first  term  of  the  above  solution  is  known  as  

particular  integral  and  the  second  is  known  as  

complementary  function.  Particular  integral  does not  

contain  any  arbitrary  constant  and  C.F  does  not  depend  

on  the  forcing  function  Q.  If   Q is constant, then  

 y(t) =   𝑒− 𝑚𝑡  Q
𝑒𝑚𝑡

𝑚
+  𝑘 𝑒−𝑚𝑡   …………………………… 9 

∴ y(t) = 
𝑄

𝑚
+  𝑘 𝑒−𝑚𝑡   ………………………….....……… 10 

The  formation  of  a  differential  equation  for  an  electric  

circuit  depends   upon  the  following laws: 

a) i = 
𝑑𝑞

𝑑𝑡
 

b) voltage  drop  across  resistance (R) =  Ri  

c) voltage  drop  across  inductance (L) =  
𝑑𝑖

𝑑𝑡
 

d) voltage  drop  across  capacitance (C)  =  
𝑞

𝑐
     

The  analysis  of  closed  composed  of  these  elements  and  

a  voltage  source  is  governed  by  the  following  two  laws  

of  Kirchhoff. 

a) Kirchhoff’s  voltage  law : In  a  closed  circuit  the  

sum  of  the  voltage  drops  across  each  element  of  the  

circuit  is  equal  to  the  impressed  voltage. 

b) Kirchhoff’s  current  law : The  sum  of  the  currents  

flowing  into  and  out  of  a  point  on  a  closed  circuit  

is  zero.  

RC CIRCUITS 

First  we  consider  a  circuit  consisting  of  a  simple  loop  

containing  a  capacitor  and  a  resistor  in  series  with  a  

voltage  source  E(t),  as  illustrated  by  the  following  

diagram.  Suppose  the  capacitor  holds  an  initial  charge  

Q0 = 0   and  the  switch  is  closed  at  time  t = 0.  What  is  

the  resulting  current  I(t)  in  the  closed  loop  for  all  times   

t ≥ 0?.  Applying  Kirchhoff’s voltage  law  to  the  closed  

circuit  gives  VR + VC = E(t),  and  using  the  voltage-

current  relationship  for  resistors  and  capacitors  gives. 

RI + 
1

𝑐
   𝐼 𝑑𝑡 = 𝐸 𝑡 

𝑡

0
   ……………………….……… 11 

Consider the case where  E(t) = E0  is  constant.  The equation 

11  becomes  

S/N Element   Symbol Unit 

1 Charge     Q Coulomb 

2 Current      I  Ampere 

3 resistance      R   Ohm 

4 inductance      L  Henry 

5 capacitance      C Farad 

6 Voltage      V  Volt 

2 
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RI + 
1

𝑐
   𝐼 𝑑𝑡 = 𝐸0

𝑡

0
   …………………….…………… 12 

 

 

 

 

 

 

 

 

 
 

 

 

 

Figure 1: RC Circuit 

 

Note  that  this  equation  is  not  a  differential  equation  

since  it  involves  the  integral  of  I.   There  are  two  ways  

to  make  this  into  a  differential  equation  that  we  can  

solve. One  option  is  to  differentiate  equation 12  to  

reduce  to  a  differential  equation. 

R
𝑑𝐼

𝑑𝑡
  +  

𝐼

𝐶
  = 0       ………..……….………..…… 13 

The  second  way  is  to  let  Q =  𝐼 𝑠 𝑑𝑠
𝑡

0
  be  an  

antiderivative of  I(t).  Then equation 12 becomes  the  initial  

value problem.  

R 
𝑑𝑄

𝑑𝑡
  +  

𝑄

𝐶
  = E0 ,  Q(0) = 0      …….……..…… 14 

         We  will  first  solve  equation 14. This  is  a  constant  

coefficient  linear  first  order differential  equation  in  the  

unknown  function  Q.  In  standard  form,  it  is  

      
𝑑𝑄

𝑑𝑡
  +  

𝑄

𝑅𝐶
   = 

𝐸0

𝑅
     …….……..…………..… 15 

  So  the  integrating  factor  is  𝑒𝑡 𝑅𝐶 .  Multiplying equation 

15 by the integrating  factor  gives    the  equation.     

𝑑𝑄

𝑑𝑡
 𝑒𝑡 𝑅𝐶  +  

𝑄

𝑅𝐶
 𝑒𝑡 𝑅𝐶 =  

𝐸0  

𝑅
𝑒𝑡 𝑅𝐶    .…………..… 16 

Which  gives   

  
𝑑

𝑑𝑡
 𝑒𝑡 𝑅𝐶 𝑄 =  

𝐸0   

𝑅
𝑒𝑡 𝑅𝐶  .……………….…..… 17 

 Integrating  gives  

𝑒𝑡 𝑅𝐶 𝑄 =  𝐸0𝐶𝑒𝑡 𝑅𝐶 + k,  .…………………..… 18 

So that   

  Q (t)= E0C  +  k 𝑒−𝑡 𝑅𝐶     .…………………..… 19 

 

The  initial  condition  Q(0) = 0 implies  that  k = −𝐸0𝐶 ,  so  

the  solution  of  the  differential  equation  for  Q(t)  is 

         Q(t) =  𝐸0𝐶  1 −  𝑒−𝑡 𝑅𝐶     .…………..… 20 

  Now  differentiate  this  equation  to get  the  current  I(t) :  

I(t)  = 
𝑑𝑄

𝑑𝑡
 = 

𝐸0

𝑅
 𝑒−𝑡 𝑅𝐶    .……………………....… 21 

Note  that  the  current  decreases from  its  initial  value  of   
𝐸0

𝑅
  to  0  as  t ∞.  As  a  second  approach,  solving 

equation 12  with  the  initial  condition  RI(0) = E0  obtained  

from  equation 12 by  setting  t = 0 , we  get  exactly  the  

same  result.             

When  after  the  release  of  key  the  condenser  (capacitor)  

gets  discharged  and  at  that  time  voltage  across  the  

battery  gets  to  zero.  So  E0 = 0. 

    The differential  equation  of  above  circuit  is   

   Ri  +  
𝑄

𝐶
= 0  

⇒ R 
𝑑𝑄

𝑑𝑡
+  

𝑄

𝐶
 = 0 

⇒ 
𝑑𝑄

𝑑𝑡
=  

−𝑄

𝑅𝐶
 

          
𝑑𝑄

𝑄
=  

−1 

𝑅𝐶
 𝑑𝑡                                                                                               

        Integrating,                  

ln 𝑄  = 
−1 

𝑅𝐶
 𝑡 + 𝐴 ……………………….....… 22 

But  at  t = 0,  the  charge  at  condenser  is  Q0.  Therefore  ln 

Q0 = A 

From equation 22 ln  𝑄 =  
−1 

𝑅𝐶
 𝑡 + 𝑙𝑛 𝑄0  

⇒  ln  𝑄 − 𝑙𝑛 𝑄0 =  −
𝑡

𝑅𝐶
 

In  
𝑄

𝑄0
 =  −

𝑡

𝑅𝐶
 

𝑄

𝑄0
= 𝑒−

𝑡

𝑅𝐶   

∴   𝑄 = 𝑄0𝑒
−𝑡

𝑅𝐶    ………………….....… 23 

         

Divide through by  C  to  obtain  

 
𝑄

𝐶
 = 

𝑄
0 𝑒−𝑡 𝑅𝐶 

𝐶
        

⇒ 𝐸 = 𝐸0  𝑒−𝑡 𝑅𝐶    ………………….....… 24                                                                     

 

 

Switch 
C 

R 

V(t) 

3 
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LC CIRCUITS 

    Consider  now  the  situation  where  an  inductor  and  a  

resistor  are  present  in  a  circuit,  as  in  the  following  

diagram,  where  the  impressed  voltage  is  a  constant  E0.  

Kirchhoff’s voltage law then gives the governing equation  

L
𝑑𝐼

𝑑𝑡
 +  𝑅𝐼 = E0 ,      I(0)  = 0    ………….....… 25 

                                                                                                       

                                    E0 

       L 

                                   R 

 

Figure 2: LC Circuit 

 

The  initial  condition  is  obtained  from  the  fact  that  the  

current  in  the  system  is  zero  at  the  instant  when  the  

switch  is  closed.  

Equation (12)  is  also  a  first  order  differential  equation.  

In  standard  form, it  is 
𝑑𝐼

𝑑𝑡
 + 

𝑅

𝐿
 𝐼 =

𝐸0

𝐿
    …………........................… 26           

So  the  integrating  factor  is  𝑒𝑅𝑡 𝐿  . Multiplying  equation 

26  by  the  integrating  factor  gives  the  equation  

𝑒𝑅𝑡 𝐿 𝑑𝐼

𝑑𝑡  
+  

𝑅

𝐿
 𝐼 𝑒𝑅𝑡 𝐿  =  

𝐸0

𝐿
 𝑒𝑅𝑡 𝐿   ...............… 27             

Which  gives  

        
𝑑 𝑒𝑅𝑡 𝐿   𝐼 

𝑑𝑡
 =   

𝐸0

𝐿
 𝑒𝑅𝑡 𝐿   ..........................… 28           

Integrating  gives  

𝑒𝑅𝑡 𝐿 𝐼 =  
𝐸0

𝐿
 .

𝐿

𝑅
 𝑒𝑅𝑡 𝐿 +  𝑘 

    𝑒𝑅𝑡 𝐿 𝐼 =  
𝐸0

𝑅
 𝑒𝑅𝑡 𝐿 +  𝑘 

                                                           

I = 
𝐸0

𝑅
 + 𝑘 𝑒−𝑅𝑡 𝐿     ...................................… 29                                                                                                                     

The  initial  condition  I(0) = 0,  implies  that   𝑘 =
−𝐸0

𝑅
 ,  so  

the  solution  of  the  differential  equation  for  I  is    

              I (t) = 
𝐸0

𝑅
−  

𝐸0

𝑅
  𝑒−𝑅𝑡 𝐿    

                         I (t) = 
𝐸0

𝑅
  ( i −𝑒−𝑅𝑡 𝐿  )  ...................… 30                                                                                                                     

The  voltage  across  the  resistor  and  inductor  are  given  as  

ER (t) = I(t) . R 

∴ ER(t) = E0 (I−𝑒−𝑅𝑡 𝐿 ) 

 

EL (t) = L 
𝑑𝐼

𝑑𝑡
(𝑡) = L

𝐸0

𝑅
 0 −   

−𝑅

𝐿
 𝑒−

−𝑅𝑡

𝐿   ........… 31                                                                                                                     

 

∴EL (t) = E0 𝑒
−𝑅𝑡 𝐿                                    

At  t = 0,  I(t) = 0  and  

∴ EL  (t) = E0, ER (t) = 0 

 

At  t = ∞,  I(t) = 
𝐸

𝑅
  and   

∴  EL(t)  = 0,  ER(t) = E0 

 

At  t = 
𝐿

𝑅
  = t ,  I(t) = 

𝐸0

𝑅
 𝐼 − 𝑒−1  = 0.632 

𝐸0

𝑅
 

And  ∴ 𝐸𝐿 𝑡 = 𝐸0𝑒
−1 = 0.368 𝐸0, 𝐸𝑅 𝑡 =

 0.632 𝐸0 ........................................................… 32                                                                                                                    

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 3: Exponential Decay Curve 

 

Graph of i(t) 
𝑉0

𝑅
𝑒−(𝑡 𝑅𝐶 ), an exponential decay curve 

 

The  plot  shows  the  transition  period  during   which  the  

current  adjusts  from  its  initial  value  of  zero  to  the  final  

value  
𝐸0

𝑅
 , which  is  the  steady state . 

The  time  constant 

 The  time  constant  (TC),  known  as  τ ,  of  the  function   

  I  = 
𝑉

𝑅
 (1 − 𝑒−𝑅𝑡 𝐿 ) 

 is  the  time  at which  
𝑅

𝐿
  is  unity (=1).  Thus  for  the RL 

transient,  the  time  constant  is  τ  = 
𝐿

𝑅
  seconds.  

Note : τ  is  the  Greek  letter  "tau"  and  is  not  the  same  

as  T  or  the  time  variable  t,  even  though  it  looks  very  

similar.   

 

Vo 

R 

0 
 2 3 4 5 

t 

i 
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At   1τ      

I −𝑒−1   =  1 − 0.368 = 0.632 ...............................… 33                                                                                                                    

At  this  time  the  current  is  63.2%  of  its  final. 

Similarly  at  2τ, 1 − 𝑒−2 =   1 − 0.135 = 0.865 

The  current  is  86.5%  of  its  final  value.  After 5τ the  

transient  is  generally  regarded  as  terminated.  For  

convenience,  the  time  constant  τ  is  the  unit  used  to  plot  

the  current  of  the  equation.  𝑖 =  
𝐸0

𝑅
  1 −  𝑒−𝑡 𝑡  . 

 

CONCLUSION 

In this paper, we have successfully applied the kirchhoffs law 

modified into first order linear differential equation to series 

circuits containing an electromotive force, resistor, inductor 

or capacitor. We have recalled that the electromotive force 

produces a flow of current in a closed circuit and the current 

produces a so-called voltage drop across each resistor, 

inductor or capacitor.  

 

The RL and RC circuit are the backbone of various electronic 

circuits. Both of these have its advantages and disadvantages; 

it depends on the application that which circuit is to be used. 

If you are dealing with low power application, the RC circuit 

is appropriate as it is of low cost. But if your application 

requires high power then RL circuit should be used. The RL 

circuits are more complex and heavy than RC circuit. This is 

because inductors are created by wounding metallic wire in 

the iron core. By using first order differential equation in RC 

and RL circuits, we can find the current (1) and voltage (V) 

in the circuit when inductance (L) or capacitance (C) and 

resistance (R) are given. 
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